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  1. First meanings of infinity

In Contemporary English

• Originates from latin: ad „in-finitum“

• exceedingly great

• having no limit or end, boundless unlimited

• in a mathematical sense: Infinites quantities
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  2. Towards an understanding of infinity

Examples of the infinity concept in classrooms:

• Number of numbers, number of prime numbers

• Geometric lines

• Asymptotic behaviour of functions, e.g. f(x) = 1/x

• The symbol     (n  , x  a)

Of the different “kinds“ of infinity mainly remains:

• Limit conception, due to Weierstrass
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  3. Counting, mapping and cardinality

Georg Cantor (1845 - 1918)

• Elementary definition of a set, and also:

• 1-1-mappings between two sets to identify they common

       cardinality

• Relational aspect
• Functional aspect
• One consistant view including finite and infinite sets
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  3. Counting, mapping and cardinality
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  3. Counting, mapping and cardinality

Definition of Aleph

ℵ0 is the cardinality of the set of the natural numbers, and is the “smallest” 
infinite cardinal. A set has cardinality ℵ0, if there exists a 1-1-mapping 
between this set and the natural numbers. Such sets are called countable.

Examples are: 

• (of course) the set of the natural numbers 
• the set of all integers 
• the set of all prime numbers
• the set of all rational numbers 

Counterexamples:

• The set of the real numbers  is an uncountable sets, i.e. there is no 
bijection between  and . Its cardinality is denoted by ℵ1. 

• If c denotes the cardinality of  and ℵ1 is the cardinal number following ℵ0, 
the continuum hypothesis states c = ℵ1.
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  3. Counting, mapping and cardinality

Arithmetic of cardinal numbers: First examples

1 + ℵ0 = ℵ0,

n + ℵ0 = ℵ0  

for any n  , ℕ

as well as

2ℵ0 = ℵ0.
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  4. Cantor‘s1) paradise and Hilbert‘s2) hotel

Hilbert: 

• “From the paradise, that Cantor created for us, no-one can expel us.“

• Presentation of one standard version of the well-known Hotel Hilbert. 

1) 1845 – 1918
2) 1862 – 1943 
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  5. Students‘ contributions and observations during seminars

Contributions in detail

• Well-known ones (re-inventions) and others

• Different starting points creating new examples and

their solutions
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  5. Students‘ contributions and observations during seminars

Filling the gaps after doubling. This applies for 
any finite number of „Hilbertian busses“.

Variation: Filling wider gaps (after multiplying with 
3) in the case oft two „Hilbertian busses“.
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  5. Students‘ contributions and observations during seminars

Examples of solutions

• Doubling previous guest‘s room numbers

• Mulitiplication previous guest‘s room numbers in a proper way

• Alternating or accordingly periodic entrance of the new guests

• Alternative patterns equivalent to the diagonal method
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  5. Students‘ contributions and observations during seminars

Examples: Cantor's first diagonal argument ( ist countable) 
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  5. Students‘ contributions and observations during seminars

Examples: Cantor’s second diagonal argument ( is not countable)
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  6. Conclusions

• Student‘s experience with an (partly) accessible original text 

• Arithmetical transfer

• Concept of function and bijectivity

• Learning something about mathematical genesis, conceptualisation (and 
even controversy)

• Empowering future teachers to conduct mathematical discussions in 
classroom
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Thank you for your attention!

regina.moeller@uni-erfurt.de
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