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The story 

1997„Konstanzer Resolution“
Germany participates 

in international 
comparisons studies 

(e.g. PISA, TIMSS)

Each federal state is 
responsible for cultural and 

educational matters

„We are diverse in Germany“

BUT:
We have

(Standing Conference 
of the Ministers 

of Education & Cultural 
Affairs of the Länder)

Input-focused approach 

Output-focused approach

2003 National Standards
Mathema'cs, German, English



The story 

2020 KMK decided revision of the National Standards 
 (Mathematics, German, English) 
 on the basis of a needs analysis, 
 (result: medium to high need for revision) 

Goals resulting from needs analysis
(from research and administration)
• More Coherence over the years
• Integration of a taxonomy of competencies for 

mathematical processes
• Concretisation of all competencies
• Integrate a better concretization of 

education in the digital era 2021

2016

Ensure as much 
continuity as possible! 
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Goals resulting from needs analysis
(from research and administration)
• More Coherence over the years
• Integration of a taxonomy of competencies for 

mathematical processes
• Concretisation of all competencies
• Integrate a better concretization of 

Education in the Digital World 2021

2016

Ensure as much 
continuity as possible! 



The story: Goals resulting from needs analysis

Coherence over the years – Core Ideas/ Content 

Primary (1-4) Secondary I  (5 – 9/10) Secondary II  (10 - 12/13)

Number and Operation Number and Operation Algorithm and Number

Quantities and Measuring Quantities and Measuring Measuring

Patterns, Structures and 
Functional dependency

Structures and Functional
dependency

Functional dependency

Space and Shape Space and Shape Space and Shape

Data and Chance Data and Chance Data and Chance

Core Ideas from 2003 (Sec I): 
- Number
- Measuring
- Space and Shape
- Functional dependency
- Data and Chance 

2022



The story: Goals resulting from needs analysis

Coherence over the years – MathemaCcal Processes

Primary (1-4) Secondary I  (5 – 9/10) Secondary II  (10 - 12/13)
Mathematical arguing Mathematical  arguing Mathematical arguing
Mathematical communicating Mathematical  communicating Mathematical communicating
Solving problems mathematically Solving problems mathematically Solving problems mathematically
Mathematical modelling Mathematisch modelling Mathematical modelling
Mathematical representing Mathematical representing Using Mathematical representations

Working with mathematical objects 
and tools

Dealing with mathematical objects and 
tools

Dealing with symbolic, formal and 
technical elements of Mathematics

Working with media mathematically

2003 (Sec I)2022



NEW Challenge



NEW Challenge: Education in the Digital World
Use of digital media remains far behind expectations

(Lorenz et al. 2017; Kuntze & Dreher 2013; Weigand 2014; Heid et al. 2013)

“quantitative and qualitative gap” 
(Bretscher 2014, p. 43; Weigand, 2014; Heid, et al. 2013)

Daniel Jung

RP, 5.6.2019

To integrate digital media in a meaningful way is a great challenge



Digital media are used with below-average frequency in 
the subjects in Germany in an international comparison.  

The lowest percentage for Germany is found in 
mathematics (31.2%): Two thirds of 8th graders say they 
never work with media in Math.  (Denmark: 96.9%)

Only 35% of teachers agree with the statement that the 
use of digital media can support pupils' learning 
processes.

Use of digital media remains far behind expectations
 (Lorenz et al. 2017; Kuntze & Dreher 2013; Weigand 2014; Heid et al. 2013)

To integrate digital media in a meaningful way is a great challenge

NEW Challenge: Education in the Digital World



Drijvers et al. 2021, Thurm et al. 2023, Die Zeit, Nr. 32

Math@distance

Study of the universities
Duisburg-Essen, 
Utrecht &
Antwerpen with 
1706 Math-Teachers

Learning mathemaCcs in Cmes of school closure

New Challenge: Education in the Digital World



Drijvers et al. 2021, Thurm et al. 2022

Significant development in the use of digital media (esp. For web 
conferencing) with increasing confidence in the use of digital media.

Maths-specific learning environments & diagnostic tools did not play 
an important role during the lockdown, although they were used 
before.

Decrease in classroom discussions as well as
partner and group work phases.

Focus on practice and numeracy,
less on conceptual understanding (especially in Germany)

Importance of infrastructure and support

April 2020 April 2021

New Challenge: Core Results of Math@Distance



Working with media 
mathematically

SupporPng mathemaPcal 
competencies digitally

(Learning WITH media)
&

Supporting digital 
competencies mathematically 

(Learning ABOUT media)

Accompanying Pool of tasks on IQB-Webpage

https://www.iqb.hu-berlin.de/bista/WeiterentwicklungBiSta/Lernaufgaben/MatheSekI

New Challenge: Education in the Digital World



Working with media 
mathematically

Supporting mathematical 
competencies digitally

(Learning WITH media)
&

Supporting digital 
competencies mathematically 

(Learning ABOUT media)

New Challenge: Education in the Digital World

The range of students‘ competences covers:
• the use of general media (analogue & digital)
• the critical perception of information from 

the digital world from a mathematical point 
of view,

• the use of digital mathematics tools and 
learning environments, and

• the creation and design of general media 
(e.g. videos presentations)

• the development and reflection of 
algorithms with the help of digital media.



Digital Media

Digital Tools

Learning WITH Media: Media are used in a reflective way to support cognitive activities in learning or 
   to support learning or enable new ones

Learnin ABOUT Media: Pupils get to know media, select them according to the goal,
    adapt them if necessary and deal with them consciously and critically.

New Challenge: Using the whole range of Digital Media

General Tools
(e.g. for Word-processing, presentation)

Mathematical Tools(e.g. geometry 
packages, spread sheet, Plotting tools, 
Stochastiktools, Computeralgebra)

Digital Learning environments
(e.g. Videos, Interactive 
environments)



Illustrative Examples Digital Learning environments

(e.g. Videos, Interac've 
environments)

https://www.iqb.hu-berlin.de/bista/WeiterentwicklungBiSta/Lernaufgaben/MatheSekI



Illustrative Examples
General Tools
(e.g. for Word-processing, presentation)

Students as recipient & producers of videos



MINT-Congress 2018 at Uni Duisburg-Essen: Bruchschule, Ruhr-
Gymnasium,
Vormholzer 
Grundschule - Witten

„..they should have an 
idea in mind to 
understand it....



x km ∙ 0,04 l/km ∙ 1, 50€

Was kostet das Autofahren im 
Vergleich zum Bahnfahren?

Illustrative Examples Mathematical Tools(e.g. geometry 
packages, spread sheet, Plotting tools, 
Stochastiktools, Computeralgebra)



Often described challenge in TPD structures

Story & Challenge: Program coherence to guide School Improvement

Programs often fragmented, i.e.
§ each TPD sends different messages
§ connections hard to recognize
§ teachers feel overload

Too much inert knowledge
§ TPD course often do not prepare teaching practices
§ Pedagogical content knowledge and teaching practices too 

unconnected

Facilitators miss coherent orientations
§ missing coherent vision of quality math classrooms
§ single TPD content not part of a larger whole
§ missing connections



Story & Challenge: Program coherence to guide School Improvement



Coherent vision for high-quality mathemaCcs teaching
Principles selected and articulated as coherent quality 
dimensions by
§ intensive literature research
§ tested in use (e.g. as coherent core for novice facilitators‘ 

practices)
§ negotiated with the DZLM network and the state 

coordinators (teachers & stakeholders)

Prediger et al., 2022

Student focus & adaptivity:
Work with student perspectives

Enhanced communication:
Talk about mathematics

Focus on understanding: of concepts, 
strategies and procedures

Cognitive demand:
Initiate active learning processes

Longitudinal coherence: 
Prepare for sustainable learning



Coherent vision for high-quality mathemaCcs teaching

(Prediger et al., 2022)

Student focus & adaptivity:
Work with student perspectives

Enhanced communication:
Talk about mathematics

Focus on understanding: of concepts, 
strategies and procedures

Cognitive demand:
Initiate active learning processes

Longitudinal coherence: 
Prepare for sustainable learning

Digitalisation offers an 
opportunity for all 

principles!



IllustraCve Example: Space and Shape

Investigate whether a single axis 
mirroring can be performed instead 
of the point mirroring with the same 

result.

Interplay of real 
& digital media



Illustrative Example: Structures and Functional dependency

„Fraction-Calculating-Machine“

„....implement known 
mathematical procedures as 
algorithms using digital tools 
(e.g. spreadsheets)“

(i) Create the machine.....
(ii) Check that it works correctly. ...
(iii) Save your file.....

Any two fractions are to be multiplied together. 
Each fraction is to be displayed as a fraction



IllustraCve Example: Structures and FuncConal dependency

The groups with dragmode and sliders note much 
more meaningful answers on their summary sheets

Göbel 2021 

Investigating the meaning of the parameters a,b and c 
in  f(x) = a (x – b)2 + c



Illustrative Example: Structures and Functional dependency

Göbel 2021 

Investigating the meaning of the parameters a,b and c 
in  f(x) = a (x – b)2 + c

The potentials and burdens are much more manifold than expected
Sliders play the role of an „external“ variable



IllustraCve Example: Structures and FuncConal dependency

Aufgabentitel Töne mit Sinusfunktionen modellieren und untersuchen 

Ziele der 
Aufgabe 

Die Schülerinnen und Schüler entdecken die Bedeutung der Parameter der 
Sinusfunktion im musikalischen Kontext von Tönen, anhand der App Mathe-
Synthesizer.  

Bildungsstufe 
Klassenstufe 

☐ ESA ☒ MSA ☐ Beide 
10  

Bearbeitungszeit 
gesamt in Minuten 

45-60 Minuten 
 

Leitidee 1 Strukturen und 
funktionaler 
Zusammenhang 

Leitidee 2 Bitte wählen 

Einsatz von 
(digitalen) 
Medien 

App: „Mathe-
Synthesizer“ 

Unterrichtsphase 1,2: Entdecken/Einstieg 
2: Systematisieren 

 

...knowing about the meaning and sense... know about basic ideas  
(Grundvorstellungen) 
and link relevant representations

Students discover the meaning of parameters at sine function in the context of sound & music



Illustrative Example: Structures and Functional dependency

Nicolas Regel, TU Dresden

https://www.iqb.hu-berlin.de/bista/WeiterentwicklungBiSta/Lernaufgaben/MatheSekIMax Hoffmann, Uni Paderborn



IllustraCve Example: Data and Chance

Conditional probability 
as new topic in Secondary I

Students use visualisations to identify 
conditional probabilities in simple 
everyday modelling.... 



Illustrative Example: Data and Chance

Conditional probability 
as new topic in Secondary I

Students use visualisations to identify 
conditional probabilities in simple 
everyday modelling.... 

Binder, Krauss & Wiesner 2020 



Illustrative Example: Data and Chance

Binder, Krauss & Wiesner 2020 



Illustrative Example: Data and Chance

Binder, Krauss & Wiesner 2020 

Frequency net



Illustrative Example: Data and Chance

In Cem and Anna's class, pupils are often late. There is a heated discussion about who is 
actually late. The class has conducted a survey on this. There are 20 children in the class.

Anna Cem

Binder, Steib & Krauss 2022,  Binder et al. 2021, Binder, Krauss & Wiesner 2020 

The most of those being 
late come by bike

Funny, I thought most of 
those who come by bike 

are on time.

Conditional probability 
as new topic in Secondary I



Illustrative Example: Data and Chance

Binder, Steib & Krauss 2022,  Binder et al. 2021, Binder, Krauss & Wiesner 2020 

The part of cyclists who arrive late



Coherence over the years

Kl. 6

Kl. 8

Kl. 10-13

Kl. 7

As well for
• Geometry/ DGS 
• Stochastics/ ST

Longitudinal coherence: 
Prepare for sustainable learning

Mathematical Tools(e.g. geometry 
packages, spread sheet, Plotting tools, 
Stochastiktools, Computeralgebra)



Digital diagnostics in Germany Student focus & adap<vity:
Work with student perspec@ves

bettermarks 2023

Diagnosis often just as 
percentages of correctly 

solved tasks

Solution frequencies of 
procedural tasks

Encouragement to repeat 
the same tasks



Intensifies current problems 
in Mathematics Teaching:
• Focus on procedures
• Superficial Diagnosis

Focus on procedures
Diagnosis often just 
right or wrong

Focus on understanding 
Diagnosis of  levels of understanding, 
misconceptions & hints for individual 
support

Offers Hints to overcome current problems 
in Mathema;cs Teaching:
• Understanding
• Deep Diagnosis
• Professionalisa;on of teachers

Specific Mathematics Assessments 
that Reveal Thinking

Thurm & Graewert 2022, Thurm 2021

Digital diagnostics in Germany Student focus & adaptivity:
Work with student perspectives



Zahl

Größen &
Messen

Strukturen
und funktionaler
Zusammenhang

Raum &
Form

Daten &
Zufall

About 130 Tests (every 5-10 min) in 5 areas & 65 topics
For teachers and their spontaneous practices during teaching

SMART is a project of the University of Melbourne (Kaye Stacey) since 2008 
Cycles of Research-based design with investigating more than 500.000 students‘ solutions 

Digital diagnostics in Germany
Student focus & adap<vity:
Work with student perspec@ves



Digital diagnostics in Germany Student focus & adaptivity:
Work with student perspectives

Klingbeil et al. (acc)

Illustrative example: Meaning of letters



Digital diagnostics in Germany Student focus & adaptivity:
Work with student perspectives

Stacey et al. 2018

Choose/ 
teach
 topic

Digital 
diagnosis

Understand 
learners’ 
thinking 

Teach with a 
focus on 

conceptual 
understanding

Select and use 
SMART test

Get SMART 
test results

Outcome learners
§ Better 

performance
§ Higher 

motivation

Use SMART 
teaching 

sugges:ons

Digital diagnos9c analysis
§ Misconcep4ons
§ Individual level of understanding
§ Gaps in prior knowledge
§ Typical errors

Professionalisation of teachers  
§ Improvement of diagnostic 

competence
§ Strengthening of didactic 

knowledge



Revised Na*onal Standards for Mathema*cs: 
The story New challenges

Illustrative Examples 

Two thirds of 8th 
graders in 
Germany say they 
never work with 
media in MU

Data and ChanceSpace and Shape Structures and 
functional dependency



Pictures from IQB

Bärbel Barzel, University of Duisburg-Essen

Many thanks four your attention!
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